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============

Background {#Sec2}
----------

The classical Sylvester--Gallai theorem states that any finite non-collinear point set in $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathbb {R}}^2$$\end{document}$ spans at least one *ordinary line* (a line containing exactly two of the points). A more sophisticated statement is the so-called Dirac--Motzkin conjecture, according to which every non-collinear set of $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathbb {R}}^2$$\end{document}$ determines at least *n* / 2 ordinary lines. This conjecture was proved by Green and Tao \[[@CR13]\] for all sufficiently large *n*. Their proof was based on a structure theorem, which roughly states that any point set with a linear number of ordinary lines must lie mostly on a cubic curve (see Theorem [5.1](#FPar17){ref-type="sec"} for a precise statement).

It is natural to ask the corresponding question for *ordinary circles* (circles that contain exactly three of the given points); see for instance \[[@CR8], Sect. 7.2\] or \[[@CR17], Chap. 6\]. Elliott \[[@CR12]\] introduced this question in 1967, and proved that any *n* points, not all on a line or a circle, determine at least $\documentclass[12pt]{minimal}
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                \begin{document}$$2n^2/63-O(n)$$\end{document}$ ordinary circles. (Throughout the paper, by *O*(*f*(*n*)) we mean a function *g*(*n*) such that $\documentclass[12pt]{minimal}
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                \begin{document}$$-Cn\leqslant g(n)\leqslant 0$$\end{document}$ for sufficiently large *n*.) He suggested, cautiously, that the optimal bound is $\documentclass[12pt]{minimal}
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                \begin{document}$$n^2/6-O(n)$$\end{document}$. Elliott's result was improved by Bálintová and Bálint \[[@CR1], Rem., p. 288\] to $\documentclass[12pt]{minimal}
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                \begin{document}$$n^2/18-O(n)$$\end{document}$. Zhang also gave constructions of point sets on two concentric circles with $\documentclass[12pt]{minimal}
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                \begin{document}$$n^2/4 - O(n)$$\end{document}$ ordinary circles.

We will use the results of Green and Tao to prove that $\documentclass[12pt]{minimal}
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                \begin{document}$$n^2/4-O(n)$$\end{document}$ is asymptotically the right answer, thus disproving the bound suggested by Elliott \[[@CR12]\]. Nassajian Mojarrad and de Zeeuw proved this bound in an earlier preprint \[[@CR19]\], which is subsumed by this paper, and will not be published independently. We will find the exact minimum number of ordinary circles, for sufficiently large *n*, and we will determine which configurations attain or come close to that minimum. We make no attempt to specify the threshold implicit in the phrase 'for sufficiently large *n*'; any improvement would depend on an improvement of the threshold in the result of Green and Tao \[[@CR13]\]. For small *n*, the bound $\documentclass[12pt]{minimal}
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                \begin{document}$$\frac{1}{9}\left( {\begin{array}{c}n\\ 2\end{array}}\right) $$\end{document}$ due to Zhang \[[@CR26]\] remains the best known lower bound on the number of ordinary circles.

Green and Tao \[[@CR13]\] also solved (for large *n*) the even older *orchard problem*, which asks for the exact maximum number of lines passing through exactly three points of a set of *n* points in the plane. We refer to \[[@CR13]\] for the history of this problem. The upper bound $\documentclass[12pt]{minimal}
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                \begin{document}$$\frac{1}{3}\left( {\begin{array}{c}n\\ 2\end{array}}\right) $$\end{document}$ is easily proved by double counting, but it is not the exact maximum. Using group laws on certain cubic curves, one can construct *n* non-collinear points with $\documentclass[12pt]{minimal}
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                \begin{document}$$\lfloor n(n-3)/6 + 1\rfloor $$\end{document}$ 3-point lines, and Green and Tao \[[@CR13]\] proved (for large *n*) that this is optimal. This does not follow directly from the Dirac--Motzkin conjecture, but it does follow from the above-mentioned structure theorem of Green and Tao for sets with few ordinary lines (Theorem [5.1](#FPar17){ref-type="sec"}).

The analogous orchard problem for circles asks for the maximum number of circles passing through exactly four points from a set of *n* points. As far as we know, this question has not been asked before. We determine the exact maximum and the extremal sets for all sufficiently large *n*.

Although we do not consider other related problems, we remark that similar questions have been asked for ordinary conics \[[@CR7], [@CR10], [@CR25]\], ordinary planes \[[@CR2]\], and ordinary hyperplanes \[[@CR3]\].

Results {#Sec3}
-------

Our first main result concerns the minimum number of ordinary circles spanned by a set of *n* points, not all lying on a line or a circle, and the structure of sets of points that come close to the minimum. The first part of the theorem solves Problem 6 in \[[@CR8], Sect. 7.2\].

### Theorem 1.1 {#FPar1}

(Ordinary circles)(i)If *n* is sufficiently large, the minimum number of ordinary circles determined by *n* points in $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} {\left\{ \begin{array}{ll} \displaystyle \frac{1}{4}\,n^2-\frac{3}{2}\,n &{}\quad \hbox {if }~ n \equiv 0 \pmod {4},\\ \displaystyle \frac{1}{4}\, n^2 - \frac{3}{4}\,n + \frac{1}{2} &{}\quad \hbox {if }~ n \equiv 1 \pmod {4},\\ \displaystyle \frac{1}{4}\,n^2 - n &{}\quad \hbox {if }~ n \equiv 2 \pmod {4},\\ \displaystyle \frac{1}{4} \,n^2 - \frac{5}{4}\,n + \frac{3}{2} &{}\quad \hbox {if }~ n \equiv 3 \pmod {4}. \end{array}\right. } \end{aligned}$$\end{document}$$(ii)Let *C* be sufficiently large. If a set *P* of *n* points in $\documentclass[12pt]{minimal}
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                \begin{document}$$n^2/2-Cn$$\end{document}$ ordinary circles, then *P* lies on the disjoint union of two circles, or the disjoint union of a line and a circle.

In Sect. [4](#Sec10){ref-type="sec"}, we will describe constructions that meet the lower bound in part (i) of Theorem [1.1](#FPar1){ref-type="sec"}. For even *n*, the bound in part (i) is attained by certain constructions on the disjoint union of two circles, while for odd *n*, the bound is attained by constructions on the disjoint union of a line and a circle. The main tools in our proof are circle inversion and the structure theorem of Green and Tao \[[@CR13]\] for sets with few ordinary lines, together with some classical results about algebraic curves and their interaction with inversion.

Let us define a *generalised circle* to be either a circle or a line. Because inversion maps circles and lines to circles and lines, it turns out that in our proof it is more natural to work with generalised circles. Alternatively, we could phrase our results in terms of the *inversive plane* (or *Riemann sphere*) $\documentclass[12pt]{minimal}
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                \begin{document}$$\infty $$\end{document}$ is a single point that lies on all lines, which can then also be considered as circles. Yet another equivalent view would be to identify the inversive plane with the sphere $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathbb {S}}^2$$\end{document}$ via stereographic projection, and consider circles on $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathbb {S}}^2$$\end{document}$, which are in bijection with generalised circles. All our statements about generalised circles in $\documentclass[12pt]{minimal}
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We define an *ordinary generalised circle* to be one that contains three points from a given set. Our proof of Theorem [1.1](#FPar1){ref-type="sec"} proceeds via an analogous theorem for ordinary generalised circles, which turns out to be somewhat easier to obtain.

### Theorem 1.2 {#FPar2}

(Ordinary generalised circles)(i)If *n* is sufficiently large, the minimum number of ordinary generalised circles determined by *n* points in $\documentclass[12pt]{minimal}
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                \begin{document}$$n^2/2-Cn$$\end{document}$ ordinary generalised circles, then *P* lies on two disjoint generalised circles.

We also solve the analogue of the orchard problem for circles (for sufficiently large *n*). We define a *4-point*(*generalised*)*circle* to be a (generalised) circle that passes through exactly four points of a given set of *n* points. The 'circular cubics' in part (ii) will be defined in Sect. [2](#Sec4){ref-type="sec"}.

### Theorem 1.3 {#FPar3}

(4-Point generalised circles)(i)If *n* is sufficiently large, the maximum number of 4-point generalised circles determined by a set of *n* points in $\documentclass[12pt]{minimal}
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Theorem [1.3](#FPar3){ref-type="sec"} remains true if we replace 'generalised circles' by 'circles'. This is because we can apply an inversion to any set of *n* points with a maximum number of generalised circles in such a way that all straight-line generalised circles become circles. Therefore, the maximum is also attained by circles only.

The proofs of the above theorems are based on the following structure theorems in the style of Green and Tao \[[@CR13]\]. The first gives a rough picture, by stating that a point set with relatively few ordinary generalised circles must lie on a bicircular quartic, a specific type of algebraic curve of degree four that we introduce in Sect. [2](#Sec4){ref-type="sec"}.

### Theorem 1.4 {#FPar4}
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                \begin{document}$$Kn^2$$\end{document}$ ordinary generalised circles, then all but at most *O*(*K*) points of *P* lie on a bicircular quartic.

Ball \[[@CR2]\] concurrently obtained a similar result as a consequence of a structure theorem for ordinary planes in $\documentclass[12pt]{minimal}
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                \begin{document}$$O(n^{2+1/6})$$\end{document}$ ordinary circles must lie mostly on a quartic curve.

We define bicircular quartics in Sect. [2](#Sec4){ref-type="sec"}; they can be reducible, so in Theorem [1.4](#FPar4){ref-type="sec"} the set *P* may also lie mostly on a lower-degree curve contained in a bicircular quartic. Our proof actually gives a more precise list of possibilities. The curve that *P* mostly lies on can be: a line; a circle; an ellipse; a line and a disjoint circle; two disjoint circles; a circular cubic that is acnodal or smooth; or a bicircular quartic that is an inverse of an acnodal or smooth circular cubic.

A more precise characterisation of the possible configurations with few ordinary generalised circles is given in the following theorem. The group structures referred to in the theorem are defined in Sect. [3](#Sec7){ref-type="sec"}; the circular points at infinity ($\documentclass[12pt]{minimal}
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                \begin{document}$$\beta $$\end{document}$) referred to in Case (iii) are introduced in Sect. [2](#Sec4){ref-type="sec"}; and the 'aligned' and 'offset' double polygons are defined in Sect. [4](#Sec10){ref-type="sec"}.

### Theorem 1.5 {#FPar5}
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                \begin{document}$$\beta $$\end{document}$ are the two circular points at infinity;(iv)a double polygon that is 'aligned' or 'offset'.Conversely, every set of these types defines at most $\documentclass[12pt]{minimal}
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In Sect. [2](#Sec4){ref-type="sec"}, we carefully introduce circular cubics and bicircular quartics, and show their connection to inversion. In Sect. [3](#Sec7){ref-type="sec"}, we define group laws on these curves, which help us construct point sets with few ordinary (generalised) circles in Sect. [4](#Sec10){ref-type="sec"}. In Sect. [5](#Sec18){ref-type="sec"}, which forms the core of our proof, we derive Theorems [1.4](#FPar4){ref-type="sec"} and [1.5](#FPar5){ref-type="sec"} from the structure theorem of Green and Tao \[[@CR13]\]. In Sect. [6](#Sec21){ref-type="sec"}, we combine the structure theorems with our analysis of the constructions from Sect. [4](#Sec10){ref-type="sec"} to establish the precise statements in Theorems [1.1](#FPar1){ref-type="sec"}, [1.2](#FPar2){ref-type="sec"}, and [1.3](#FPar3){ref-type="sec"}.

Circular Curves and Inversion {#Sec4}
=============================

The key tool in our proof is *circle inversion*, as it was in the earlier papers \[[@CR1], [@CR12], [@CR26]\] on the ordinary circles problem; the first to use circle inversion in Sylvester--Gallai problems was Motzkin \[[@CR18]\]. The simple reason for the relevance of circle inversion is that if we invert in a point of the given set, an ordinary circle through that point is turned into an ordinary line. Thus we can use results on ordinary lines, like those of Green and Tao \[[@CR13]\], to deduce results about ordinary circles. To do this successfully, we need a thorough understanding of the effect of inversion on algebraic curves, and in particular we need to introduce the special class of *circular curves*.

Circular Curves and Circular Degree {#Sec5}
-----------------------------------

In this subsection, we work in the real projective plane $\documentclass[12pt]{minimal}
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An algebraic curve in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathbb {R}}{\mathbb {P}}^2$$\end{document}$ is *circular* if it contains $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha $$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\beta $$\end{document}$. For $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k\geqslant 2$$\end{document}$, an algebraic curve in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathbb {R}}{\mathbb {P}}^2$$\end{document}$ is *k-circular* if it has singularities of multiplicity at least *k* at both $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha $$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\beta $$\end{document}$.

A classical reference for circular curves is Johnson \[[@CR16]\], while a more modern one is Werner \[[@CR24]\]. Let us make the definition more explicit in three concrete cases.
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A *circular cubic* is an algebraic curve of degree three that contains $\documentclass[12pt]{minimal}
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A *bicircular quartic* is an algebraic curve of degree four that is 2-circular; equivalently, it is any curve in $\documentclass[12pt]{minimal}
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Every circular cubic is contained in a bicircular quartic, since for $\documentclass[12pt]{minimal}
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### Definition 2.2 {#FPar7}

The *circular degree* of an algebraic curve $\documentclass[12pt]{minimal}
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The circular degree is well-defined, since given any curve $\documentclass[12pt]{minimal}
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                \begin{document}$$\gamma $$\end{document}$ of degree *k*, we can add *k* copies of the line at infinity, to get a *k*-circular curve of degree 2*k*.

For example, a line has circular degree one, since its union with the line at infinity is a 1-circular curve of degree two. A conic that is not a circle has circular degree two, since its union with two copies of the line at infinity is a 2-circular curve of degree four. Similarly, a circular cubic has circular degree two, since its union with the line at infinity is a 2-circular curve of degree four. We can thus classify curves of low circular degree as follows:*Circular degree one*: lines and circles (that is, generalised circles).*Circular degree two*: non-circular conics, circular cubics, and bicircular quartics.*Circular degree three*: non-circular cubics, circular quartics, 2-circular quintics, and 3-circular sextics.This classification is important to us, because we will see that circular degree is invariant under inversion.

We have defined circular curves and circular degrees in the projective plane, because that is their most natural setting. In the rest of the paper, to avoid confusion between the projective and inversive planes, we will use these notions for curves in $\documentclass[12pt]{minimal}
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Inversion {#Sec6}
---------

Circular curves are intimately related to circle inversion, which we now introduce. A general reference is \[[@CR6]\].

### Definition 2.3 {#FPar8}
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                \begin{document}$$I_{p,r}(\infty ) = p$$\end{document}$, so that inversions take generalised circles to generalised circles. The group of transformations of the inversive plane generated by the inversions and the similarities is called the inversive group. It is known that a bijection of the inversive plane that takes generalised circles to generalised circles has to be an element of this group, and that any element of this group is either a similarity or an inversion followed by an isometry \[[@CR9], Thm. 6.71\].

The image of an algebraic curve in $\documentclass[12pt]{minimal}
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### Definition 2.4 {#FPar9}
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If a curve has degree *d*, then its inverse has degree at most 2*d* \[[@CR24], Thm. 4.14\]. If $\documentclass[12pt]{minimal}
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                \begin{document}$$\gamma $$\end{document}$ is irreducible, then its inverse is also irreducible. Note that inverses of algebraic curves can behave somewhat unintuitively; for instance, Proposition [2.6](#FPar11){ref-type="sec"} states that the inverse of an ellipse has an isolated point, which is surprising if one thinks of an ellipse as just a closed continuous curve.

It is well known that the inverses of generalised circles are again generalised circles. It turns out that, more generally, circular degree is preserved under inversion. We now make precise what this means for curves of low circular degree. A proof can be found in the classical paper \[[@CR16]\]; for a more modern reference, see \[[@CR24], Sect. 9.2\].

### Lemma 2.5 {#FPar10}

(Inversion and circular degree) Let $\documentclass[12pt]{minimal}
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One particular subcase of Case (ii) will play an important role in our paper, and we state it separately in Proposition [2.6](#FPar11){ref-type="sec"}. A proof can be found in \[[@CR14], p. 202\]. Let us recall that an *acnodal cubic* is a singular cubic with a singularity that is an isolated point; for example, $\documentclass[12pt]{minimal}
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### Proposition 2.6 {#FPar11}

The inverse of an ellipse in a point on the ellipse is an acnodal circular cubic with the centre of inversion as its singularity; the inverse of an acnodal circular cubic in its singularity is an ellipse through the singularity.

For example, the inverse of the cubic $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(2x-1)(x^2+y^2)-y^2=0$$\end{document}$ in its singularity at the origin is the ellipse $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(x-1)^2+2y^2=1$$\end{document}$.

Groups on Circular Curves {#Sec7}
=========================

Groups on Irreducible Circular Cubics {#Sec8}
-------------------------------------

The extremal configurations in our main theorems are all based on group laws on certain circular curves. It is well known that irreducible smooth cubics (elliptic curves) have a group law (see for instance \[[@CR22]\]). These groups play a crucial role in the work of Green and Tao \[[@CR13]\]. The reason that these groups are relevant to ordinary lines is the following collinearity property of this group (when defined in the standard way). Three points on the curve are collinear if and only if in the group they sum to the identity element. For this property to hold, the identity element must be an inflection point. Here we will define a group in a slightly different way (described for instance in \[[@CR22], Sect. 1.2\]), in which the identity element is not necessarily an inflection point, and the same collinearity property does not hold. However, for circular cubics, we show that we can choose the identity element so that we get a similar property for concyclicity.
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With this group law, we no longer have the property that three points are collinear if and only if they sum to *o* (unless *o* happens to be an inflection point). Nevertheless, one can check that three points $\documentclass[12pt]{minimal}
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### Theorem 3.1 {#FPar12}
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Recall from Sect. [2](#Sec4){ref-type="sec"} that a generalised circle, viewed projectively, is either a circle, or the union a line with the line at infinity.

### Proposition 3.2 {#FPar13}
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### Proof {#FPar14}
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                \begin{document}$$a\oplus b\oplus c\oplus d=\omega $$\end{document}$.Fig. 2Concyclicity of four regular points on a circular cubic

Suppose next that the generalised circle is a circle $\documentclass[12pt]{minimal}
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This proposition is a consequence of the more general fact that six points on a circular cubic lie on a conic if and only if they sum to $\documentclass[12pt]{minimal}
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Groups on Other Circular Curves {#Sec9}
-------------------------------

We now define group laws on two other types of curves of circular degree two, and observe that they satisfy similar concyclicity properties. Let us note at this point that most bicircular quartics can also be given a group structure (if an irreducible bicircular quartic has no singularities besides $\documentclass[12pt]{minimal}
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                \begin{document}$$\beta $$\end{document}$, then it is a curve of genus one, and thus has a group law by \[[@CR21], Sect. III.3\]). However, in our proofs we will handle bicircular quartics by inverting in a point on the curve, which by Lemma [2.5](#FPar10){ref-type="sec"} transforms a bicircular quartic into a circular cubic. For that reason, we do not need to study the group law on bicircular quartics separately.

*Ellipses* We discuss a group law on ellipses, although we do not actually need it in our proof, because inversion lets us transform an ellipse into an acnodal cubic (Proposition [2.6](#FPar11){ref-type="sec"}), which we have already given a group structure in the previous subsection. Nevertheless, we treat the group law on ellipses here because it is especially elementary, and it would be strange not to mention it.

Consider the ellipse $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sigma $$\end{document}$ given by the equation $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x^2+ (y/s)^2=1$$\end{document}$, with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$s\ne 0,1$$\end{document}$. For any point $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a\in \sigma $$\end{document}$, we project *a* vertically to the point $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a'$$\end{document}$ on the unit circle around the origin, as in Fig. [3](#Fig3){ref-type="fig"}, and call the angle $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\theta _a$$\end{document}$ the *eccentric angle* of *a*. We define the sum of two points $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a,b\in \sigma $$\end{document}$ to be the point $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$c=a\oplus b$$\end{document}$ whose eccentric angle is $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\theta _c = \theta _a+\theta _b$$\end{document}$. This gives $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sigma $$\end{document}$ a group structure isomorphic to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathbb {R}}/{\mathbb {Z}}$$\end{document}$. The identity element is $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$o=(1,0)$$\end{document}$, and the inverse of a point is its reflection in the *x*-axis. We have the following classical fact that describes when four points on an ellipse are concyclic (see \[[@CR15]\] for the oldest reference we could find, and \[[@CR5], Problem 17.2\] for two detailed proofs).Fig. 3Eccentric angle of a point on an ellipse

### Proposition 3.3 {#FPar15}
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### Proposition 3.4 {#FPar16}
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Constructions {#Sec10}
=============

Ellipse {#Sec11}
-------
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Similarly, the number of 4-point circles is equal to$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} {\left\{ \begin{array}{ll} \displaystyle \frac{1}{24}\,n^3 - \frac{1}{4} \,n^2 + \frac{7}{12}\,n - 1 &{} \text {if } n \equiv 0 \pmod {4},\\ \displaystyle \frac{1}{24}\,n^3 - \frac{1}{4} \,n^2 + \frac{11}{24}\,n - \frac{1}{4} &{} \text {if } n \equiv 1, 3 \pmod {4},\\ \displaystyle \frac{1}{24}\,n^3 - \frac{1}{4}\, n^2 + \frac{7}{12}\,n - \frac{1}{2} &{} \text {if } n \equiv 2 \pmod {4}. \end{array}\right. } \end{aligned}$$\end{document}$$

Circular Cubic Curve {#Sec12}
--------------------
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                \begin{document}$$\begin{aligned} {\left\{ \begin{array}{ll} \displaystyle \frac{1}{24}\,n^3 - \frac{1}{4}\, n^2 + \frac{5}{6}\,n - 2 &{} \text {if } n \equiv 0 \pmod {8},\\ \displaystyle \frac{1}{24}\,n^3 - \frac{1}{4}\, n^2 + \frac{5}{6}\,n - 1 &{} \text {if } n \equiv 4 \pmod {8}, \end{array}\right. } \end{aligned}$$\end{document}$$which is greater than the corresponding number in the previous construction.Fig. 4'Aligned' double hexagon

'Aligned' Double Polygons {#Sec13}
-------------------------
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                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$$\sigma _1$$\end{document}$. It follows that if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n\geqslant 8$$\end{document}$, the ordinary generalised circles of *S* are exactly those through $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$e^{2\pi i k_1/m}, re^{-2\pi i k_2/m},re^{-2\pi i k_3/m}$$\end{document}$ or through $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$re^{-2\pi i k_1/m}, e^{2\pi i k_2/m},e^{2\pi i k_3/m}$$\end{document}$ where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$2k_1+k_2+k_3\equiv 0\pmod {m}$$\end{document}$, with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k_2\not \equiv k_3\pmod {m}$$\end{document}$.

For generic $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$r>1$$\end{document}$, we then obtain that the number of ordinary generalised circles equals$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \Big |\left\{ (k_1,k_2,k_3)\in {\mathbb {Z}}_m^3\;|\;2k_1+k_2+k_3\equiv 0\,(\mathrm{mod}\,n), \, k_2, k_3 \text { distinct}\right\} \Big | \end{aligned}$$\end{document}$$(although $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k_2$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k_3$$\end{document}$ are not ordered, we either have two points on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sigma _1$$\end{document}$ or two points on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sigma _2$$\end{document}$). This equals $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$m(m-2)$$\end{document}$ if *m* is even and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$m(m-1)$$\end{document}$ if *m* is odd. That is, for generic *r*, we obtain $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n^2/4-n$$\end{document}$ ordinary generalised circles if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n\equiv 0\pmod {4}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n^2/4-n/2$$\end{document}$ ordinary generalised circles if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n\equiv 2\pmod {4}$$\end{document}$.

If we choose $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$r=(\cos (2\pi k/m))^{-1}$$\end{document}$ (there are $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lfloor m/4\rfloor $$\end{document}$ choices for *r*), then the tangent lines at points of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$S_1$$\end{document}$ pass through two points of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$S_2$$\end{document}$, so are ordinary generalised circles. Thus, for these choices of *r* we lose *m* ordinary circles, and obtain $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n^2/4-3n/2$$\end{document}$ ordinary circles if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n\equiv 0\pmod {4}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n^2/4-n$$\end{document}$ ordinary circles if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n\equiv 2\pmod {4}$$\end{document}$. Note that this is much less than the number of ordinary circles given by Constructions [4.1](#Sec11){ref-type="sec"} and [4.2](#Sec12){ref-type="sec"}.

Similarly, the number of 4-point generalised circles spanned by *S* equals$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \frac{1}{4}\Big |\left\{ (k_1,k_2,k_3,k_4)\in {\mathbb {Z}}_m^4\;|\;k_1+ k_2+ k_3+k_4\equiv 0\,(\mathrm{mod}\,m), \, k_1 \ne k_2 \text { and } k_3 \ne k_4\right\} \Big |, \end{aligned}$$\end{document}$$which is $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$m^3/4 - O(m^2) = n^3/32 - O(n^2)$$\end{document}$, also much less than the number in Constructions [4.1](#Sec11){ref-type="sec"} and [4.2](#Sec12){ref-type="sec"}.Fig. 5'Offset' double hexagon

'Offset' Double Polygons {#Sec14}
------------------------

We modify the previous construction by rotating $\documentclass[12pt]{minimal}
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                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$$S_2$$\end{document}$ around the origin by an angle of $\documentclass[12pt]{minimal}
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                \usepackage{upgreek}
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                \begin{document}$$\pi k/m$$\end{document}$. This results in $\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$S_2'=\left\{ re^{-i \pi (2k-1)/m}\;|\;k=0,\dots ,m-1\right\} $$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$S'=S_1\cup S_2'$$\end{document}$ (see Fig. [5](#Fig5){ref-type="fig"}). As before, if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n\geqslant 8$$\end{document}$, the ordinary generalised circles of $\documentclass[12pt]{minimal}
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                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$S'$$\end{document}$ are exactly those through $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$e^{2\pi i k_1/m}, re^{-i\pi (2k_2-1)/m},re^{-i\pi (2k_3-1)/m}$$\end{document}$ or through $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$re^{-i\pi (2k_1-1)/m}, e^{2\pi i k_2/m},e^{2\pi i k_3/m}$$\end{document}$, where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$2k_1+k_2+k_3\equiv 1\pmod {m}$$\end{document}$ with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k_2\not \equiv k_3\pmod {m}$$\end{document}$.

For generic $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$r>1$$\end{document}$, we now have to count the number of ordered triples in the set$$\documentclass[12pt]{minimal}
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                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \left\{ (k_1,k_2,k_3)\in {\mathbb {Z}}_m^3\;|\;2k_1+k_2+k_3\equiv 1\,(\mathrm{mod}\,n), \, k_2, k_3 \text { distinct}\right\} . \end{aligned}$$\end{document}$$This equals $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$m^2$$\end{document}$ if *m* is even and $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
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                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$m(m-1)$$\end{document}$ if *m* is odd. That is, for generic *r*, we obtain $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n^2/4$$\end{document}$ ordinary generalised circles if $\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n\equiv 0\pmod {4}$$\end{document}$, worse than Construction [4.3](#Sec13){ref-type="sec"}, and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n^2/4-n/2$$\end{document}$ ordinary generalised circles if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n\equiv 2\pmod {4}$$\end{document}$, the same number as in Construction [4.3](#Sec13){ref-type="sec"}.

Again, if we choose $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$r=(\cos (2\pi k/m))^{-1}$$\end{document}$ (there are $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lfloor m/4\rfloor $$\end{document}$ choices for *r*), we lose *m* ordinary circles. Thus, we obtain $\documentclass[12pt]{minimal}
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                \begin{document}$$n^2/4-n$$\end{document}$ ordinary circles if $\documentclass[12pt]{minimal}
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                \begin{document}$$n\equiv 2\pmod {4}$$\end{document}$, the same number as in Construction [4.3](#Sec13){ref-type="sec"}.

As in Construction [4.3](#Sec13){ref-type="sec"}, we get $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
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                \usepackage{amsbsy}
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                \usepackage{upgreek}
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                \begin{document}$$n^3/32 - O(n^2)$$\end{document}$ 4-point circles.

Punctured Double Polygons {#Sec15}
-------------------------

Let $\documentclass[12pt]{minimal}
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                \begin{document}$$n=2m-1\geqslant 11$$\end{document}$ be odd. Take Construction [4.3](#Sec13){ref-type="sec"} with $\documentclass[12pt]{minimal}
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                \begin{document}$$p\in S_1$$\end{document}$.

First assume that *m* is odd. Before we remove *p*, there are $\documentclass[12pt]{minimal}
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                \begin{document}$$m(m-1)$$\end{document}$ ordinary generalised circles. Of these, there are $\documentclass[12pt]{minimal}
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                \begin{document}$$(m-1)/2$$\end{document}$ tangent at *p*. There are also $\documentclass[12pt]{minimal}
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                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$m-1$$\end{document}$ ordinary generalised circles through *p* tangent at some point of $\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
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                \usepackage{amsbsy}
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                \usepackage{upgreek}
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                \begin{document}$$S_2$$\end{document}$. Thus, by removing *p*, we destroy $\documentclass[12pt]{minimal}
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                \begin{document}$$3(m-1)/2$$\end{document}$ ordinary generalised circles and create $\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
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                \usepackage{upgreek}
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                \begin{document}$$\left( {\begin{array}{c}m\\ 2\end{array}}\right) -(m-1)/2$$\end{document}$ new ones. Therefore, $\documentclass[12pt]{minimal}
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                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \usepackage{upgreek}
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                \begin{document}$$\begin{aligned} m(m-1)-\frac{3}{2}\,{(m-1)}+\left( {\begin{array}{c}m\\ 2\end{array}}\right) -\frac{1}{2}\,(m-1) = \frac{3}{2}\, m^2 - \frac{7}{2}\,m + 2 \end{aligned}$$\end{document}$$ordinary generalised circles. That is, there are $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$$3 n^2/8 - n + 5/8$$\end{document}$ ordinary generalised circles if $\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
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                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$$n\equiv 1\pmod {4}$$\end{document}$.

Next assume that *m* is even. Before we remove *p*, there are $\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$$m(m-2)$$\end{document}$ ordinary generalised circles, of which there are $\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$$(m-2)/2$$\end{document}$ through two different points of $\documentclass[12pt]{minimal}
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                \usepackage{amsbsy}
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                \usepackage{upgreek}
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                \begin{document}$$S_2$$\end{document}$ tangent at *p*, and there are also $\documentclass[12pt]{minimal}
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                \begin{document}$$m-2$$\end{document}$ ordinary generalised circles through *p* tangent at a point of $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} m(m-2)-\frac{3}{2}\,(m-2)+\left( {\begin{array}{c}m\\ 2\end{array}}\right) -\frac{1}{2}\,(m-2) = \frac{3}{2}\, m^2 - \frac{9}{2}\,m + 4 \end{aligned}$$\end{document}$$ordinary generalised circles. Thus, we obtain $\documentclass[12pt]{minimal}
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                \usepackage{upgreek}
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                \begin{document}$$3 n^2/8 - 3n/2 + 17/8$$\end{document}$ ordinary generalised circles if $\documentclass[12pt]{minimal}
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                \begin{document}$$n\equiv 3\pmod {4}$$\end{document}$.

Instead of starting with Construction [4.3](#Sec13){ref-type="sec"}, we can take the 'offset' Construction [4.4](#Sec14){ref-type="sec"} and remove a point. It is easy to see that when $\documentclass[12pt]{minimal}
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                \begin{document}$$n\equiv 1\pmod {4}$$\end{document}$ we obtain the same number of ordinary generalised circles, while if $\documentclass[12pt]{minimal}
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                \begin{document}$$n\equiv 3\pmod {4}$$\end{document}$ we obtain more.

Since there are no 5-point circles in Constructions [4.3](#Sec13){ref-type="sec"} and [4.4](#Sec14){ref-type="sec"} when $\documentclass[12pt]{minimal}
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                \begin{document}$$m\geqslant 6$$\end{document}$, removing a point does not add any 4-point circle, but destroys $\documentclass[12pt]{minimal}
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Inverted Double Polygons {#Sec16}
------------------------

We can use inversion to make new constructions out of old ones.

Invert Construction [4.5](#Sec15){ref-type="sec"} in the removed point *p*. The resulting point set has *m* points on a circle and $\documentclass[12pt]{minimal}
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If we remove another point from this inverted construction, we obtain a set of *n* points where *n* is even, with $\documentclass[12pt]{minimal}
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Other Inverted Examples {#Sec17}
-----------------------

If we invert Construction [4.1](#Sec11){ref-type="sec"} in a point on the ellipse that is not in the set *S*, then by Proposition [2.6](#FPar11){ref-type="sec"}, we obtain points on an acnodal circular cubic (without its acnode) as in Construction [4.2](#Sec12){ref-type="sec"}, with the same number of ordinary and 4-point generalised circles.

If we invert a circular cubic in a point not on the curve, then we obtain a bicircular quartic by Lemma [2.5](#FPar10){ref-type="sec"}. There will again be $\documentclass[12pt]{minimal}
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The Structure Theorems {#Sec18}
======================

Proof of the Weak Structure Theorem {#Sec19}
-----------------------------------

The proofs of our structure theorems for sets with few ordinary circles crucially rely on the following structure theorem for sets with few ordinary lines due to Green and Tao \[[@CR13]\]. Recall that an *ordinary line* is a line containing exactly two points of the given point set.

### Theorem 5.1 {#FPar17}
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We commence the proof of Theorem [1.4](#FPar4){ref-type="sec"}. Let *P* be a set of *n* points spanning at most $\documentclass[12pt]{minimal}
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Proof of the Strong Structure Theorem {#Sec20}
-------------------------------------

We now prove Theorem [1.5](#FPar5){ref-type="sec"}. First of all, as explained in Sect. [4](#Sec10){ref-type="sec"}, a subgroup of an ellipse and an appropriate coset of a subgroup of a smooth circular cubic both have at most $\documentclass[12pt]{minimal}
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### Lemma 5.2 {#FPar18}
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### Proof {#FPar19}
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Next, let *P* be a set of *n* points with at most $\documentclass[12pt]{minimal}
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                \begin{document}$$Kn^2$$\end{document}$ ordinary generalised circles. From the proof of Theorem [1.4](#FPar4){ref-type="sec"} above, we see that *P* differs in at most *O*(*K*) points from a line, a circle, an ellipse, a disjoint union of a line and a circle, a disjoint union of two circles, a circular cubic, or a bicircular quartic. Moreover, in the proof we saw that the circular cubic must be acnodal or smooth, and that the bicircular quartic has the property that if we invert in a point on the curve, the resulting circular cubic is acnodal or smooth.

Using inversions, we can reduce the number of types of curves that we need to analyse further.If *P* lies mostly on a line, then we are in Case (i) of Theorem [1.5](#FPar5){ref-type="sec"}, so we are done.If *P* lies mostly on a circle, then inverting in a point on the circle puts us in Case (i) again.If *P* lies mostly on an ellipse, then inverting in a point of the ellipse places *P* mostly on an acnodal circular cubic.If *P* lies mostly on a bicircular quartic, then inverting in any regular point on the curve gives us a circular cubic. As mentioned above, this cubic is acnodal or smooth.If *P* lies mostly on a line and a disjoint circle, then an inversion in a point not on the line or circle places *P* mostly on two disjoint circles.If *P* lies mostly on the disjoint union of two circles, we can apply an inversion that maps the two disjoint circles to two concentric circles \[[@CR6], Thm. 1.7\].So, up to inversions, we need only consider the cases when *P* lies mostly on an acnodal or smooth circular cubic, or on two concentric circles. We do this in Lemmas [5.5](#FPar23){ref-type="sec"} and [5.6](#FPar25){ref-type="sec"} below, which will complete the proof of Theorem [1.5](#FPar5){ref-type="sec"}.

To determine the structure of *P*, we use a variant of a lemma from additive combinatorics that was used by Green and Tao \[[@CR13]\]. It captures the principle that if a finite subset of a group is almost closed under addition, then it is close to a subgroup. The following statement is Proposition A.5 in \[[@CR13]\].

### Proposition 5.3 {#FPar20}
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The variant that we need is a simple corollary of Proposition [5.3](#FPar20){ref-type="sec"}.

### Corollary 5.4 {#FPar21}

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$K>0$$\end{document}$ and let *n* be sufficiently large depending on *K*. Let *A*, *B*, *C*, *D* be four subsets of some abelian group $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(G,\oplus )$$\end{document}$, all of cardinality within *K* of *n*. Suppose there are at most $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$Kn^2$$\end{document}$ triples $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(a,b,c) \in A \times B \times C$$\end{document}$ for which $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a \oplus b \oplus c \notin D$$\end{document}$. Then there is a subgroup $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$H \leqslant G$$\end{document}$ and cosets $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$H \oplus x$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$H \oplus y$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$H \oplus z$$\end{document}$ such that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} |A \mathbin {\triangle }(H \oplus x)|, |B \mathbin {\triangle }(H \oplus y)|, |C \mathbin {\triangle }(H \oplus z)|, |D \mathbin {\triangle }(H \oplus x \oplus y \oplus z)| = O(K). \end{aligned}$$\end{document}$$

### Proof {#FPar22}

By the pigeonhole principle, there exists an $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a_0 \in A$$\end{document}$ such that there are at most $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$K'n$$\end{document}$ (where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$K' = O(K)$$\end{document}$) pairs $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(b,c) \in B \times C$$\end{document}$ for which $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a_0 \oplus b \oplus c \notin D$$\end{document}$, or equivalently $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$b\oplus c\notin D\ominus a_0$$\end{document}$. Applying Proposition [5.3](#FPar20){ref-type="sec"}, we have a subgroup $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$H \leqslant G$$\end{document}$ and cosets $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$H \oplus y$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$H \oplus z$$\end{document}$ such that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} |B \mathbin {\triangle }(H \oplus y)|, |C \mathbin {\triangle }(H \oplus z)|, |(D \ominus a_0) \mathbin {\triangle }(H \oplus y \oplus z)| = O(K). \end{aligned}$$\end{document}$$Since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|B\cap (H\oplus y)|\geqslant n-O(K)$$\end{document}$, we repeat the argument above to obtain $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$b_0 \in B\cap (H\oplus y)$$\end{document}$ such that there are at most *O*(*Kn*) pairs $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(a,c)\in A\times C$$\end{document}$ with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a\oplus b_0\oplus c\notin D$$\end{document}$, and Proposition [5.3](#FPar20){ref-type="sec"} gives a subgroup $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$H' \leqslant G$$\end{document}$ and cosets $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$H' \oplus x$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$H' \oplus z'$$\end{document}$ such that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} |A \mathbin {\triangle }(H' \oplus x)|, |C \mathbin {\triangle }(H' \oplus z')|, |(D \ominus b_0) \mathbin {\triangle }(H' \oplus x \oplus z')| = O(K). \end{aligned}$$\end{document}$$From this, it follows that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|(H \oplus z) \mathbin {\triangle }(H' \oplus z')| = O(K)$$\end{document}$, hence $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|(H \oplus z) \cap (H' \oplus z')| \geqslant n - O(K)$$\end{document}$. Since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(H\oplus z)\cap (H'\oplus z')$$\end{document}$ is not empty, it has to be a coset of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$H' \cap H$$\end{document}$. If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$H'\ne H$$\end{document}$, then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|H'\cap H| \leqslant n/2 + O(K)$$\end{document}$, a contradiction. Therefore, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$H=H'$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$H \oplus z = H' \oplus z'$$\end{document}$. So we have $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|A \mathbin {\triangle }(H \oplus x)|, |B \mathbin {\triangle }(H \oplus y)|, |C \mathbin {\triangle }(H \oplus z)|, |D\mathbin {\triangle }(H\oplus x\oplus b_0\oplus z)| = O(K)$$\end{document}$. Since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$b_0\in H\oplus y$$\end{document}$, we obtain $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|D \mathbin {\triangle }(H \oplus x \oplus y \oplus z)| = O(K)$$\end{document}$ as well. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$

### Lemma 5.5 {#FPar23}
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Together these lemmas prove Theorem [1.5](#FPar5){ref-type="sec"}. It just remains to remark that if *P* differs in *O*(*K*) points from a coset on an acnodal circular cubic, then we apply inversion in its singularity. By Proposition [2.6](#FPar11){ref-type="sec"}, we obtain that *P* differs in *O*(*K*) points from a coset $\documentclass[12pt]{minimal}
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Extremal Configurations {#Sec21}
=======================

In this section we prove Theorems [1.1](#FPar1){ref-type="sec"}, [1.2](#FPar2){ref-type="sec"}, and [1.3](#FPar3){ref-type="sec"}. We first consider generalised circles.

Ordinary Generalised Circles {#Sec22}
----------------------------

Suppose *P* is an *n*-point set in $\documentclass[12pt]{minimal}
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                \begin{document}$$ n^2/2$$\end{document}$ ordinary generalised circles, and that *P* is not contained in a generalised circle. Applying Theorem [1.5](#FPar5){ref-type="sec"}, we can conclude that, up to inversions, *P* differs in *O*(1) points from one of the following examples: points on a line, a coset of a subgroup of an acnodal or smooth circular cubic, or a double polygon.

The first type of set is very easy to handle. Note that the lower bound is on the number of ordinary circles, not counting 3-point lines.

### Lemma 6.1 {#FPar27}
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### Proof {#FPar28}
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Cosets on cubics are also relatively easy to handle. We again obtain a lower bound on the number of ordinary circles, not including 3-point lines.
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We use the following special case of a result due to Raz et al. \[[@CR20]\].
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### Lemma 6.4 {#FPar33}

Let *S* be a double polygon with *m* points on each circle. Let $\documentclass[12pt]{minimal}
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Theorem [1.2](#FPar2){ref-type="sec"} then follows easily from the lemmas above.

### Proof of Theorem 1.2 {#FPar35}
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Ordinary Circles {#Sec23}
----------------

We now consider what happens if we do not count generalised circles that are lines, and prove Theorem [1.1](#FPar1){ref-type="sec"}.

### Proof of Theorem 1.1 {#FPar36}
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Finally, suppose that *n* is odd. Then $\documentclass[12pt]{minimal}
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### Lemma 6.5 {#FPar37}

Let *S* be a double polygon ('aligned' or 'offset') with *m* points on each circle. Then a point $\documentclass[12pt]{minimal}
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### Proof {#FPar38}
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Four-Point Circles {#Sec24}
------------------

### Proof of Theorem 1.3 {#FPar39}
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The final case, when all but *O*(1) points of *P* lie on an ellipse, can be reduced to the previous case. Indeed, by Lemma [2.6](#FPar11){ref-type="sec"}, if we invert the ellipse in a point on the ellipse, we obtain an acnodal circular cubic, and then the above analysis holds verbatim for the group of regular points on this cubic. $\documentclass[12pt]{minimal}
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